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ABSTRACT. In this paper, we are concerned with the magnetic effect on the Sobolev solvability of
boundary layer equations for the 2D incompressible MHD system without resistivity. The MHD
boundary layer is described by the Prandtl type equations derived from the incompressible viscous
MHD system without resistivity under the no-slip boundary condition on the velocity. Assuming
that the initial tangential magnetic field does not degenerate, a local-in-time well-posedness in
Sobolev spaces is proved without the monotonicity condition on the velocity field. Moreover, we
show that if the tangential magnetic field of shear layer is degenerate at one point, then the linearized
MHD boundary layer system around the shear layer profile is ill-posed in the Gevrey function space
provided that the initial velocity shear flow is non-degenerately critical at the same point.

1. INTRODUCTION AND MAIN RESULT

In this paper, we consider the initial-boundary value problem for the following two-dimensional
(2D) magnetohydrodynamic (MHD) boundary layer equations in the domain {(¢,z,y) : t € [0,T],z €
T? ye R+}:

Opt + u0zu + vV0yu + Opp — qu — b10zb1 — ba0yb1 = 0,

Otb1 + ud, by + Uaybl — b10,u — anyu =0,

Oz + Oyv = 0,  0zb1 + Jyba = 0, (1.1)
(u, v, b2)|y=0 =0, yETOO(uv b)(t, z,y) = (U, B)(t, 2),

(uv b1)|t=0 = (u07 bg)(l‘, y)v

where T stands for a torus or a periodic domain, Ry = [0, +00), (u,v) and (b1, b2) are the velocity
and magnetic boundary layer functions respectively, and the known functions U, B and p satisfy
the Bernoulli law:

{ U + Ud,U + 0,p = B, B, 12

0:B+ U0,B = Bo,U.

See the Appendix for the derivation of the system (1.1).

Before stating the main results in this paper, we first review some related works on the Prandtl
boundary layer theories. In fact, without the magnetic field (by, b2) in (1.1), the system is the classi-
cal Prandtl equations that was firstly derived by L. Prandtl [34] in 1904 to understand the structure
of incompressible fluid with high Reynolds number and physical boundaries. In the 2D case, when
the initial tangential velocity satisfies the monotonicity assumption, Oleinik [32,33] firstly achieved
the local-in-time well-posedness of classical solutions by using the Crocco transformation, and this
well-posedness result was recently reproved by an energy method in the framework of weighted
Sobolev spaces in [1] and [30] independently, where the cancellation mechanism in the convection
terms is observed and essentially used. Also a global in time weak solution was obtained in [41]
under an additional favorable condition on the pressure.
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On the contrary, when the monotonicity condition is violated, separation of the boundary layer
or singularity formation is well expected and observed. For example, E-Engquist in [3] proved that
the smooth solution to the Prandtl equations must blowup in a finite time. Very recently, when
the background shear layer admits a non-degenerate critical point, the ill-posedness (or instability
phenomena) of solutions to both the linearized and nonlinear Prandtl equations was studied, see
[5,8,10,11,22] and the reference therein. All these results show that the monotonicity condition
plays a key role for the well-posedness theory of solutions in the finite regularity functional spaces.
However, this is not the case in the frameworks of analytic functions and Gevrey regularity classes.
In fact, in the framework of analytic functions, Sammartino and Caflisch [36,37] not only established
the local well-posedness theory of the Prandtl system, but also proved the validity of Prandtl
boundary layer ansatz in this setting by using the abstract Cauchy-Kowalewskaya theorem. We
refer the readers to [13-15,26,28,31,38,42] and the reference therein for more results in the analytic
framework, and [2,6,7,16,22] in the Gevery framework. It is noted that the above results mainly
concentrated on the two-dimensional case, and there are only a few results in the three-dimensional
case such as [4,19-21,27].

Motivated by the fifteenth open problem in Oleinik-Samokhin’s classical book [33] (page 500-
503), “15. For the equations of the magnetohydrodynamic boundary layer, all problems of the above
type are still open,” efforts have been made to study the well-posedness of solutions to the MHD
boundary layer equations and to justify the MHD boundary layer ansatz in [12, 23,24, 39, 40]; see
also [9]. Precisely, when the hydrodynamic and magnetic Reynolds numbers have the same order,
the well-posedness of solutions to the MHD boundary layer equations and the validity of the Prandtl
ansatz were established without any monotone condition imposed on the velocity in [23,24]. And
the long-time existence of solutions to the MHD boundary layer equations in analytic settings for
two different physical regimes were also studied in [39,40]. When the magnetic Reynolds number
is much larger than the hydrodynamic Reynolds number, the resistivity terms can be ignored in
the MHD equations. As a consequence, there is no partial viscous effect in normal variable y for
the second equation in (1.1).

The purpose of this paper is to study the well-posedness and ill-posedness of (1.1). First, similarly
to [23], we shall establish a well-posedness theory for the MHD boundary layer equations (1.1) in
weighted Sobolev spaces, provided that the initial tangential magnetic filed is not degenerate. This
shows that the tangential magnetic field prevents the formation of singularity in more general flow
situation that includes reverse flow in the velocity field, no matter whether there is partial viscous
effect in the magnetic boundary layer equation or not. This result on the well-posedness can be
stated as follows.

Theorem 1.1. Suppose that the outflow (U, p, B)(t,z) in (1.2) is smooth, and the initial data and
boundary conditions in (1.1) are smooth, compatible and satisfy

bo(,y) = o (1.3)

for some positive constant dg. Then there exists a time T, such that the initial-boundary value
problem (1.1) admits a unique smooth solution (u,v,by,b2)(t,z,y) satisfying

bl(t,x,y) = (5()/2 (1.4)
forallte[0,T],(z,y) e T x Ry.

We remark that the precise smoothness condition and the compatibility condition in the above
Theorem 1.1 will be given later for the concise presentation of the theorem. Theorem 1.1 shows that
the non-degenerate tangential magnetic field has stabilizing effect on boundary layers. On the other
hand, when the magnetic field is absent, the Prandtl equations exhibit instability mechanism in
the framework of Sobolev spaces without the monotonicity condition [5,8,11,22]. Then a natural
question arises as whether such a non-degeneracy condition on the tangential magnetic field is
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necessary for the well-posedness of the system (1.1). Our second result in this paper aims to
answer this question.

For illustration and without loss of generality, we consider (1.1) with the constant outflow (U, B).
That is,

(U,B)(t,x) = (Uy,By) so that, dxp(t,x) = 0.
In this case, the equations of (1.1) admit a shear flow solution of the form
(’LL, v, b17 b2) (tv Z, y) = (us(t’ y>7 07 bs(y)7 0)7
where the function us(¢,y) is a smooth solution to the following heat equation:
5tu5—5§u820, t>0,y>0,
Us’y:O = 07 yEr—il:loo Us = U07 (15)
US’t:O = Us(y)a
with an initial shear layer Us(y). Consider the linearization of the problem (1.1) around the shear
flow (us(t, y),0,bs(y), 0) in the domain {(¢,z,y) : t € [0,T],z € T,y € R, }, we obtain
01t + U0zt + VOyUs — 6§u — bs0b1 — bl = 0,
Otb1 + us0zb1 + Ubls — bsOgu — anyus =0,
Oz + &yv =0, Ozb1 + aybz =0,
(u7U7b2)‘y=0 = 07 yEIJIrloo(u’ bl)(t7$7y) =0.

For any «, s > 0, denote
Wa?Ry) o= {f = fW)hye R [flwse = e f@)lwsem,) < 0}
and

Eop={f=f(zy) = Z e fr.(y) | frlyoe < Cope M, Vi e 7}
keZ

Wl‘h
‘ ’ ‘E = Sllpe I |H ’k-” 0,00 .
‘ ‘ a,B L Wa (R+)

It is noted that functions in E, g have analytic regularity in z-variable. The following proposition
states the well-posedness of solutions in the analytic function space E, 3 to (1.6).

Proposition 1.1. Suppose us — Uy € C(Ry; Wa™(Ry)) and by — By € Wa'™(Ry). Then, there
exists a constant 0 > 0 such that for any T > 0 with § — 6T > 0, and for any (uo, bo)(z,y) € Eq s,
the linearized problem (1.6) admits a unique solution satisfying

(u,b1)(t, 2, y) € C([0,T); Eap_sr) with (u,b1)|—0 = (uo,bo)(z,y).

This proposition shows that the linearized problem (1.6) is well-posed in the analytic setting, at
least in local time. Its proof is similar to the Proposition 1 in [5] and the Proposition 1.1 in [25],
thus is omitted for brevity.

Denoted by T (¢, s) the solution operator of (1.6)

T(t,s)(uo,bo) = (u,bl)(t, '), (17)

where (u, b1) is the solution to the problem (1.6) with (u,b1)|i=s = (uo, bo). Since the space E, g is
dense in the Sobolev type space

HZL = {f = f(x7y)7 («T,y) €T xRy HfHHZl = Hf(')HHM(’]I;WS’OO(RJr)) < 00}7 m = 0,
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by Proposition 1.1 we can define for all mi, ms = 0,
1T (o, bo) [ggm=

S R+ ) {+w}
(u0,b0)€Eq, 8 “(’U’O?bO)HHle

171 s w2y =
Motivated by the paper [5] on the instability of solutions to the linearized Prandtl equations, the
following result shows that when the background magnetic field profile degenerates at the non-
degenerate critical point of the background velocity shear layer, the linearized problem (1.6) is
ill-posed in Sobolev spaces.

Theorem 1.2. Let us(t,y) be the solution of (1.5) satisfying
us — Up € C(R; WP (Ry)) n O (Ry; WEP(R,)),
and by(y) — By € War™ (Ry). Assume that by(y) and the initial shear layer Us(y) satisfy
Ja>0, st bsla)=0(a)=Ulla) =0, Ula)#0.

Then, there exists o > 0 such that for any § > 0,

sup He*"(tfs)\/@T(t, s

0<s<t<d

)Hﬁ(Hgl,HZ’_“) = 40, Ya,m=0, pe [O,i). (1.8)
Remark 1.1. We remark that the result in Theorem 1.2 improves the previous work [25] significantly.
In [25] the partial viscous term 62()1 is included in the second equation of (1.1). Consequently, the
background shear flow solution should take the form of (us(t,y),0,bs(t,y),0) in [25], instead of
(us(t,y),0,bs(y),0). Under the same conditions on the initial data of (us(t,y),bs(t,y)) as those in
Theorem 1.2:
Ja>0, st bs(0,a)=0ybs(0,a) =UL(a) =0, U.(a)+#0,

the same conclusion (1.8) still holds for the linearized problem (1.6) with additional partial diffusion
term 5351 in the second equation of (1.6). More precisely, to obtain the same results in (1.8),
the assumptions J,b5(0,a) = 0 (i = 0,1,...,6) are required in [25], which can be relaxed to the
assumptions 0, bs(0,a) = 0 (i = 0,1) by the construction of approximate solutions proposed in this
paper.

Comparing the previous results obtained in [23,25] with the results stated in Theorems 1.1 and
1.2, we find that the partial viscous term 851)1 in the magnetic boundary layer equation has only few
effects on both the well-posedness of solution to the MHD boundary layer equations (1.1) and the
ill-posednes of solutions to the linearized problem (1.6). This is indeed one of the observations in this
paper. More precisely, when there is no partial viscous term (95()1 in MHD boundary layer equations,
we can still establish the same well-posedness theory of solutions as what was proved in [23] provided
that the magnetic field does not degenerate. And when the magnetic field degenerates in the sense
of Remark 1.1, we can show the same ill-posedness result as what was achieved in [25]. However,
different from the energy method used in [23], to prove the well-posedess theory, we need to use
some equivalent Sobolev spaces and the induction method to overcome the difficulties caused by
the absence of partial diffusion term 551)1. In addition, as what is stated in Remark 1.1, we find a
new construction of growing modes, which can essentially relax the assumptions required in [25].

The rest of the paper is organized as follows. In Sections 2 and 3 , we will prove the well-posedness
of (1.1) in Sobolev spaces when the tangential magnetic field is not degenerate. Precisely, in Section
2, we reformulate the boundary layer system into a model similar to the model of Chaplygin gas
by variable transformation. In Section 3, we establish the well-posedness theory for the reduced
Chaplygin type model that leads to the well-posedness of the original boundary layer system. In
Section 4, we will prove Theorem 1.2 about the linear instability of (1.6) in Sobolev spaces when
the tangential magnetic field is degenerate at one point. Finally, the formal derivation of MHD
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boundary layer problem (1.1) is given in the Appendix A. The Appendix B gives the proof of
Lemma 3.1.

2. REFORMULATION OF THE SYSTEM

To establish the well-posedness of the boundary layer problem (1.1), the main difficulty comes
from the loss of x—derivatives in the normal components v and by. To overcome this difficulty,
inspired by [23], from the divergence free condition of the magnetic field in (1.1), we introduce the
stream function 1 of magnetic field (b1, b2), such that

ayd} = bla 76931;[) = b2'

It follows from the second equation in (1.1) that the stream function 1 satisfies the transport
equation:

Oph 4+ u0ph) +voyp = 0, (2.1)
with the boundary condition
$ly—o = 0. (2.2)
Its initial data is given by the initial data by,
Y
0(0.2,9) = | ol s)ds. (23)
0
From (1.3), one has
5y?/)(0a xvy) = bO(:Cay) = (507 (24)

which implies that ¥ (0, z,y) = 0 is an increasing function with respect to y with
li 0 = +00.
Jm %(0,z,y) = +

Then, the transport equation (2.1) and the initial data (2.3) yield that ¢ (¢, x,y) = 0 is an increasing
function with respect to y for every (¢t,z) € [0,T] x T, and

provided that u and v are Lipschitz continuous functions.
In this way, we can introduce a new coordinate transformation,

EZt) T =z, Z7=¢(t»$,y) (25)

In the new coordinates (2.5), the region {(¢t,z,y) : t € [0,T],x € T,y € Ry} is mapped into
{(t,7,5): t€[0,T],z € T,y € Ry}, and the boundary of {y = 0} ({y = +o0} respectively) becomes
the boundary of {g = 0} ({g = +00} respectively). Also, the equations in (1.1) can be written as

(9gu + u&iu + &gp - bl&g(bl&gﬂ) - blajbl = 0, (2 6)
8;()1 + u&;@bl - blﬁju = 0, '
with the boundary condition
ulg—o =0, (2.7)
and the far-field condition
lim w=U, lim b = B. (2.8)
Yy—+0 y—>+00

Without any confusion, we still denote the initial data by (ug,bo) = (uo, bo)(Z, 7).

It is noted that there are no normal components of velocity and magnetic field in the reduced
equations. In the subsequent section, we will study (2.6)-(2.8) with initial data (ug,bg) in some
Sobolev spaces, which in turn yields a corresponding result on the original problem (1.1).
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Remark 2.1. If one sets p = 1/b1, then the equations (2.6) in terms of (p,u) become
{ 0zp + ulzp + plzu = 0,
posu + pudzu + pozp + 0z(—p~1) = dy(p~tozu),
which is related to a model of Chaplygin gas.

(2.9)

3. WELL-POSEDNESS OF SOLUTIONS

In this section, we will study the initial-boundary value problem (2.6)-(2.8) and prove the well-
posedness of solutions in Theorem 1.1. Without any confusion, we replace the notation of (¢, Z, 3)
by (¢,z,y) and write (2.6)-(2.8) as

{ Otb1 + u0zby — b10u = 0, (3.1)
Ortt + u0zu + 0zp — b10y(b10yu) — b10,b1 = 0,
with the initial-boundary conditions
(b1, u)le=0 = (bo,uo)(x,y),  uly=0 =0, (3.2)

and the far-field conditions

yli)r&o by = B, yErfwu =U. (3.3)
Denote

-1 -1

Ao(br,u) = (gt ’ 21_1 ) , Aq(by,u) = ( 57_117% b—l_llu ) ,

and

0, 0
B(bl,u) = (0 b1 ) .

Then the system (3.1) can be formulated as the following quasi-linear symmetrical system with low
order term and partial diffusivity,

Ao(b1, 1), < bul ) Ay (b, )y ( I;l > ~ 4, (B(bl,u)(?y ( l;l >> _ < b;loawp ) (34

Here Ag is a positive definite, symmetric matrix, provided that b; > 0, and the matrix A; is
symmetric.
To state the main result in this section, we define some function spaces. Set

0= {(5,y): 2e T,yeR,},
and
Qr =[0,T] xQ={(t,z,y): t€[0,T],z e T,y e Ry}
Denote by H¥(Q) the classical Sobolev spaces of function f € H*(Q) such that

2

AP 1=< > 5315§2f|%2(9)> < %

a1 tas<k

The derivative operator with multi-index is denoted as
0% = 0;10720,%, a=(a1,az,a3) € N? with |a| = a1 + ag + as.
The Sobolev space and norm are thus defined as

A Q) = {2 y) s W lman = sup 1) < o0}
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with
1/2

LF@llem = | D5 10%F(t, ) 720

|a|<m
Similarly, we denote the tangential derivative operator
0F =0/10%%, a=(a,a2) with |a| = a1 + ag,

and define the following non-isotropic Sobolev space

1/2
| £ ()] g1 = > logog £ (t, )72
|a\<k1,0$q<k2
Note that
1F @O = D5 1F ) Fmss - (3.5)
=0

Moreover, we define
Ole = 3 105800 o e )
o] +q<k
We shall use the notation A < B meaning |A| < C|B| with a generic constant C' > 0.
The following inequality will be used frequently and its proof will be given in Appendix B.

Lemma 3.1. For suitable functions u and v, it holds that for any o, B € N3 |a| + |8] < m with
m =2,

[(0%u - 2%0)(t, ) L2 () S lw(®)[am [ 0(8) [30m, (3.6)
and
[(0%u - 2%0)(t, ) L2 (@) S lw®)em [v(E)am (3.7)
Now, we state the main result in this section.

Theorem 3.1 (Local existence). Let m > 4, and suppose that the trace (U, B,p)(t,z) of the outflow
satisfies

sup > [6(U, B,p)(t,)|12(r,) < M (3.8)

o<st<T lal<2m

for some positive constant M. Assume that the initial data (ug,bo) satisfies
(bo — B(0,x),u0 — U(0,2)) € H*™(Q), by > do (3.9)
for some positive constant &g, and satisfies the compatibility conditions up to the m—th order for
the initial-boundary problem (3.4) with (3.2)-(3.3). Then there ezists a positive Ty, such that the
problem (3.4), (3.2)-(3.3) admits a unique solution (by,u) satisfying
bi(t,,y) = 60/2, (t,2,y) € Qry, (3.10)
and

by — B(t,z) e H™(Qr,,), u—Ul(t,r) e H™(Q1,), dyue L*(0,Tyw; H™). (3.11)

Remark 3.1. The requirements of initial time regularity of solutions can be changed into the re-
quirements of space regularity of initial data in (3.9) through the equations (3.1). This is the reason
why we require the Sobolev space index to be 3m in (3.9).



8 C.-J. LIU, D. WANG, F. XIE, AND T. YANG

To prove Theorem 3.1, we will use the Picard iteration and the fixed point theorem. For this
purpose, we first homogenize the boundary and far-field conditions. Precisely, let ¢(y) be a smooth
function satisfying 0 < ¢(y) < 1 and

Write
b1 = b+ B(t,z), u=v+U(t,z)p(y),
and from (3.2)-(3.3) we obtain the following boundary and far-field conditions,
V]y—0 = 0, ygrilw(b,v)(t,x,y) =0,
and the initial data
(b,0)(0,,9) = (bo(@,y) = B(O,2), uo(w,y) = U(0,2)(y) ) (3.12)
From (3.1), it follows that
0th + (v +U@)0zb — (b+ B)oyv + Byv — ¢Uzb = 11,
0w — (b+ B)dgb + (v + U)0zv — (b + B)dy((b + B)dyv + ¢,Ub) (3.13)
—(¢yyUB + B;)b + ¢Uyv = 1,
with
{n = —Bi~ 0UB, + BU; = (1~ §)(UB, — BUy),
re = —0yp — ¢Us + BBy — ¢*UU, + ¢, UB? = (1 — ¢)Up + (1 — $*)UU, + ¢, U B2,
where we have used (1.2). Moreover, by the assumptions in (3.8), it holds
[(r1,72)[3m 2y < CMP (3.14)

for some constant C' > 0.
Next, set

(0, )@, y) = (&b, 00)(0,3,9), 0<j<m. (3.15)
It follows from the assumptions in Theorem 3.1 that (b%, vg)(:c, y) € H™(), which can be derived
from the equations (3.13) and initial values (b, v)(0,x,y) of (3.12) by induction with respect to j.

Moreover, the assumptions in Theorem 3.1 imply that there exists a positive constant My > 1,
depending only on M and (b,v)(0,z,y), such that

Z H (bé’vg)HHSmQj(Q) < M. (3.16)
=0

3.1. Construction of approximate solution sequence. In this subsection, we will construct
an approximate solution sequence {v"(t,z,y)}n_y = {(b",v")(t, 2, y)} sy to the system (3.13).
Firstly, denote

vi(z,y) = O v)(z,y),

and define the zero-th approximate solution v¥ of (3.13) as the following,
Vo(ta,y) = (00,00 (L) = Y Svi(@y). (3.17)

It is straightforward to check that
vO(t,z,y) € H™(Qr). (3.18)
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Moreover, there exists a 0 < Ty < 1" such that

5
v (t,z,y) + B(t,z) > 50 Y (t,z,y) € Q.

Next, we construct v+ = (b»*1 v"*+1), n > 0 by induction. Precisely, suppose that the n-th

order approximate solution v" = (b",0v") € H™(Q1,),n = 0 is obtained for some 0 < T}, < Tp and
satisfies

%0
57
We define v**1(t, z,y) = (0", v 1) (¢, 2,9) by solving the following linear initial-boundary value
problem, i.e., the iteration scheme of nonlinear problem (3.13),

atbn+1 + (U” + Ugb)@xbn"—l _ (bn + B)@IU”'H + Bmvn'H _ ¢Uzbn+1 =7,
ot — (0" + B)ob" T + (v + U)o, — (0" + B)o, ((b™ + B)oyv" ™ + ¢, UbM )
—(¢yyUB + Bp)b" 1 + ¢U, v = 1y,

b (t,x,y) + B(t,z) = AIv(0,z,y) = v%(fv,y)7 for (t,z,y) € Qp,, 0<j<m. (3.19)

(3.20)
with the initial data
b0, 2,y) = bo(x,y) = B(0,2),  v""(0,2,y) = uo(z,y) — o(y)U(0,2), (3.21)
and the boundary conditions
e =0, lim 00t 2,y) = 0. (3.22)
Direct computations show that
A0, 2, y) = Vi(z,y) € H™(Q), 0<j<m. (3.23)

Then, it is standard to show the existence of solutions to the linearized problem (3.20)-(3.22) in a
time interval ¢ € [0, T},4+1] with 0 < T, 41 < T,. Moreover,

VL= B ) e Q).

We only need to derive the uniform estimates of v"™! in H™(Qy,,,), which guarantee that the
life-span T},41 of the approximate solution v"*! has a strictly positive lower bound as n goes to
infinity. In the mean time, the positive lower boundedness of b"*! + B(t, z) can be preserved. That
is, there is a 0 < T, < T such that for any n > 0,

)
Topr > T, 0 (ta,y) + B(te) > 5 in O,

Now in order to prove the well-posedness of the nonlinear problem (3.4), (3.2)-(3.3), we will
show that the functional mapping from v™ to v"*! is a contraction mapping in L? sense, cf. [29].
Therefore, it follows that the approximate solution sequence {v"(t, x, y)};_ is a Cauchy sequence in
H*(Qr,)(k < m), and it converges strongly to some function v(t,z,y) = (b,v)(t, z,y) in H*(Qr, ).
Then, it is straightforward to verify that (b + B,v + U¢) is a unique solution to (3.4), (3.2)-(3.3)
by letting n — +00 in (3.20).

For this purpose, we define the closed set Ep(M,) in H™ (),

ET(M*) = {f(t7$7y) = (f1>f2)(t7$7y) € Hm(QT) : HfHHm(QT) < My, fl + B(t,l') = 620}3

where M, is a positive constant to be determined later. As mentioned above, suppose v" =
(b",v") € Er(M,) for some T independent of n, we will prove v*™ = (p"+1 vty e Ep(M,).
That is, we prove the mapping

M: v vtil (3.24)
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defined by solving the linear iteration problem (3.20)-(3.22) is a mapping from Ep(M,) to Ep(M,)
itself for some small T' independent of n. Moreover, we also prove the mapping II is a contraction
mapping in L?.

Below, we will focus on the uniform energy estimates of v*™! defined in (3.20) by assuming that
v" € E7, and the proof is divided into three parts which are given in the next subsections 3.2
to 3.5 respectively. Before that, we introduce some notations. Denote by the notation [-,-] the
commutator, and by P(:) a generic polynomial functional which may vary from line to line.

3.2. L%-estimate. In this subsection, we will derive the L? estimate of solutions to (3.20). Multi-
plying the first equation in (3.20) by »"*! and multiplying the second equation in (3.20) by v"*!
respectively, adding them together and integrating the resulting equation over {2, we obtain

1d

1 n412 n41y2
i | 0 @y

+ f O { (V" + U)o b — (b + B)ov™ + Boo™t — gU,b" !} dady
Q

+ J V(0" + B)0b" 4 (0" + Ug)apn™ T — (0" + B)ay [(b" + B)oyo" ! + ¢, Ub™ |
Q
—(¢yyUB + Bp)b" ™ + ¢U,0" '} dady

= f r - bV 4 g 0 N dady.
Q
(3.25)

Note that

J DT (0" + Ug)0zb" T — (0" + B)o,o" ] + v — (0" + B)ayb" ! + (0" + Ug)o,0" | dady
Q

(b"+1)2 + (vn+1)2
2

+ 0, (b" + B)b" " dady

f oy (" + Ug)
Q

< (1+ V' (0)) jﬂ V() Pddy,

(3.26)

where the Sobolev embedding inequality is used in the last inequality.
Then, by the boundary condition (3.22) and integration by parts, we have

— J V" (0" + B)O,[(V" + B)au" T + ¢, U | dady
Q

= L [(0" + B)oyo™ ™ + a,b"v" ] - [(0" + B)oyv" ! + ¢, Ub™ | dady

1 (3.27)

1
> QJ [(b" + B)ﬁyv”H]dedy -3 f (06" T2 + (¢, UV ) 2dady
Q Q

52
= go o (5yvn+1(t))2dxdy —C (1 +|v™(¢) ”;3) JQ VL (1) ddy,

where the following elementary inequality is used in the first inequality:
1
(a+b)(a+c)= §(a2 —b? - ?), (3.28)

and the lower boundedness (3.19) of b + B is used in the second inequality.
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Next, it is straightforward to show

J O (BT — gULD M) + 0™ [ — (¢ UB + Bo)b" ! + ¢Upv™ | dardy
Q

sf VL (1) Rdady. (3.29)
Q
Consequently, plugging (3.26)-(3.29) into (3.25) yields

i H n+1

" 2
|20y + [0wv +1(t>HL2(Q)

(3.30)
S (L IV OFe) 8 Ol + [ 87 00" dody

3.3. Estimates on tangential derivatives. Applying the tangential derivatives 0% to the first
and second equations in (3.20) with |a| < m and m > 4, multiplying them by 026"*! and 02v"+!
respectively, adding them together and integrating the resulting equation over §2 yield

a n+1(2
3t | oy
+ f 02 {(v" + Up)0zb" T — (b + B)o,v" ™ + Bpo™t — U, b} 020" dady
Q
+ f o2 {—(b" + B)oyb" T + (v + Ugp)dpv™ ! — (b + B)dy [(b" + B)oy,v™ ! + ¢, Ub™ ]
Q
—~(yyUB + B)b" ™ + ¢Uv" 1} 020" dudy

= J 0%ry - 020" 4 0%rq - 0% M dady.
Q

(3.31)
Notice that
f 0% (V" + Ug)apb™tt — (b + B)dyu™ ) oop"
' + 0% (—(b" + B)ayb™ ! + (0" + U)ot 020" dady
f — 0z (V"™ + Ugb)w + 0, (0" + B) (020" 020" ) dady (3.32)

+ f ([0%, 0™ + Ug) dxb" ! — [02,b™ + B] 00" ) - 026"
Q
+ (= [62,0" + B] 0,b" T + [02,0™ + U] 00" ) - 020" dwdy.
It follows, from (3.6) and m > 4, that

(02,0 + UG} 0™ | o <

5o + U¢)<t)HHm71 2]
18]=1 (3.33)

S+ " (@) e )0 (8 [3m
By using (3.7) and (3.8), we have

|[o7,0" + B] 596””“”9(9) S

®)

o e O

> o,

S(l + Hb”( )l ) [0 () 32

(3.34)
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Also,

16267 + B 0ab™ | 2y + 100" + U 260™ oy < (14 [V @) ) 9™ (1)
Consequently, it leads to

‘ J 0% (V™ + Ug)apb™ 1t — (b + B)oyo™tt) o2pnt!
Q

+ 0% (=(b" + B)agb™! + (u" + Ug)opo™* 1) 00v"* dady (3.35)

< L+ v @) laem) VPO -
Next,

— J o2 {(b" + B)oy [(b" + B)o,v" ! + ¢, U]} - 020" dady
Q
—f (" + B)3%0, [(b" + B)oy,v™ ! + ¢, Ub" ] - 020" dady
Q
. L COBW™ + B)a 20, [(1" + B)o,o™ ' + ¢, Ubm 1] - %™ ldady  (3.36)
B<a,|l=1

— j CEoZ(b™ + B)o2 "0, [(b" + B)oyv™ ™ + ¢, Ub" ] - 000" dady
f<a,|B|>2

= I+ I + Is.

By integration by parts and the boundary condition 8$v"+1|y=0 =0,
= f o2 (0" + B)oyv" ™ + ¢, UbM ] - 0, [(0" + B)02v" ] dady
0

_ f (B + B)a%a,u™ + [02, (0" + B)] ayu™+ + 02 (¢, Ub™))}
Q

. [(bn + B)agayvn—&-l + aybnagvn+1] dzdy
> ;f [(b" + B)&fayv"H]Qd:cdy
Q
1 « n n+1 o n+1))2 n aa, n+1\2
5 [ A s B o o)+ ez ey,
Q

where (3.28) is used in the last inequality.
Similar to (3.33), we obtain

[0 (85 U™ ) 12y = 10" () 3 (3.37)
due to (3.6).

Then combining the above two inequalities together and using (3.19), we obtain the following
estimate according to the similar argument in (3.33),

52
I >§° H(??@yv"“HQLZ(Q) = C (L4 6" () 3m) V() - (3.38)

Integration by parts yields that

L= ) J CPB(b" + B)a,u™t + ¢, Ub"] - [af (" + B)a%0, o + afayb"agunﬂ] dzdy.
f<alfl=1
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Note that, for § < o and |5] = 1,

o7 [O" + B)ou" + o, Ub™H] < (LA 0" () lgm—1) 100" (@) lgm—1 + 0" () [3gm—s

L2(2)
< (14 " @)llpgm—2) [V () -

Therefore, it holds
Lls D (4[5 lggm—r) V) f30m - (Hﬁf (0" + B)| pn |07 0,0 2 (0
B<a,|f|=1
020" 1 020" | ey ) (3.39)

2
<0020 Ly + € (14 B () ) "+ (O e
provided m > 4.
For I3, since § < « and |f| = 2, we write
5™ + B)o2 o, [(b" + B)oyw™ ™ + ¢, Ub" !
= 271(31™ + 31B) - 02720, [(b" + B)oyv™ ™ + ¢, U™,
for some v < 3, |y| = 2, and then

P + B)2Po, [(b" + B)ou™ ™ + ¢, U

L2()
< (070" (1) ggm-2 + |07 Bl em-2) - [0y [(6" + B)oyo™* + ¢, Ub™ 1] (1)
S @+ 6" @) l3em) - (106" + B)ayo"  pgm—1 + [y U™ 3ym-1)
< (L@ Fm) V") lpem,
provided m > 4. As a consequence,
I3] < (L4 0" (O 30m) V" @) 3em - 050" L2y < (L4 [0 @) [Fm) [V @) . (3.40)
Substituting (3.38), (3.39) and (3.40) into (3.36), we arrive at

’)L[an?

— f o2 {(b" + B)dy [(b" + B)oyv" ™ + ¢, U} - 020" dudy
5% (3.41)
> T[22, ooy = C (L4 10" @lm) v ()3

We now turn to the estimates of the other terms in (3.31). By using (3.6) and (3.7), it follows
that

|02 (Buv™' = 6Ub" )| agqy < IV (B)l e, o)
|07 [~ (64yUB + Ba)b™* + ¢Unt™ 1| 12 < IV () 20m, '
then,
J 0% (Byv" Tt — @Ub" ) - 020" 4+ 0% [—(¢yy UB + Bp)b" ™ + U 0" - 020" dady
Q (3.43)
< V") Fm.
Substituting (3.35), (3.41) and (3.43) into (3.31) yields
d o n+1 2 le' n+1 2
% HaTV " (t)HLQ(Q) + Ha'f' ay’U " (t)||L2(Q) (344)

< (1 IV @) IV @) + 102r1(0) | Z2() + [07r2(8)]1Z2(0)-
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Hence, summing the above estimates over «, |a| < m gives

p HV"“(t)HZm,o + 00" ) gm0 < (1 IV O ) VL O i + 71 o + 2 () oo
(3.45)

3.4. Estimates on normal derivatives. In this subsection, we will derive the estimates on the
normal derivatives in the subsequent three steps.

Step I. In this step, we will establish the estimates for v™*! with the first order normal derivative.
Applying the operator 0%(Ja| < m — 1) to the second equation in (3.20), multiplying the resulting
equation by 020;v" ! and integrating it over €2 lead to

L(afatv"“)?dmdy - L X {—=(0" + B)ob" ™ + (v + Up) 00" — (¢, UB + Byp)b" + gU, 0"

—(b" + B)oy, [(" + B)oyw" ! + ¢, Ub" ]} 020" dzdy = f 0%y - 020" T dxdy.
N (3.46)
Since |a| < m — 1 and m > 4, by the similar arguments to those of (3.33) and (3.34), one has
|02 [=(b" + B)oyb" T + (v + U) 0™ — (¢yyUB + Byp)b" + ¢U,v" ]
< (1 + V() ) 9™ () g + V() s
< L+ V(@) pgm) [V (@) 34

l12(0)

Then

f % [=(b" + B)ogb" ™ + (v + Up) 0™ — (¢yyUB + Bp)b" ™ + ¢U, 0" ] - 0%0,0" M dady
Q

1 n
< [ oo™ ()2 + C (1 + IV O)5m—) IV O [3m
6 ()
(3.47)

Similarly to (3.36), we have

— f o2 {(b" + B)oy [(b" + B)oyv" ™ + ¢, Ub" ]} - 020" dady
Q

J (0" + B)0%0, [(b" + B)oyw™ ! + ¢, U] - 02 0,0"  dady
(3.48)

J CPOE(b™ + B)o2 0, [(0" + B)oyo™ ™ + ¢, Ub™ ] - 0%0,0"  ddy

B<a|f|=1

=J1 + Jo.

By integration by parts and the boundary condition ﬁgé’tv”“b:o =0,
= f 22 (0" + B)a,um + gy Ub1] - [(07 + B)2, %o + 0,000 0,0" ] dedy
Q

= f ox [(b™ + B)o,o"tt + qbyUb"H] - (b + B)0;0%0,0"  dady
Q (3.49)

+ f o2 [(V" + B)oyo" T + ¢, Ub" 1] - 0,6"0% 00" dady
Q

= Ji + J}.
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Here
Ji= J {(b" + B)o20,0" ! + [02, (0" + B)] oyv" Tt + 02 (¢, Ub" 1)} - (b + B)0,02 00" dudy
Q
_ LAy Byera, vt dedy — f (0" + B)? (020,0™ )2 dady
2dt ) 2 Jq
+ f (0" + B)d, oo™t - {[02, (0" + B)] 00" + 8% (¢, U™ 1)} dardy
Q
1 d T [63% n 2 1 3 (6% n 2
> 50 Q[(b + B)02 0, 0" " dady — Sla + B)?| o) | 020y +1HL2(Q)
= " + Bl 0005000 | o - 1187, (" + B)] 20" + 02 (8 U™ )] gy -
Similar to (3.34) and (3.37), it holds, for |a| < m — 1, that

(07, " + B)] oyu" ! + 02 (6, U™ )| o) < (1 + 0" (@) lgm=1) [ 00" T (B gm2 + [0 (8 [3gm—

< (L4 0" @) llpgm-2) IV (#) 1.

Consequently, for || < m — 1, it follows that

Ji = 1d
24t Jg,
— C(L+ " () [3m-2) [V () [
For JZ, notice that, for |a| <m — 1,

|02 [(®" + B)oyv" ! + ¢, Ub" ]|

() 67 n 2 1 b n 2
[(V" + B)o%o,0" " dady — 3 |0y07 0 HHL%Q) (3.50)

< (146" O gm0 10y0™ () lggm—1 + [0 (1) | 3gm-1

< (L4 0" @) lpgm-1) [V (E) 32,

L2(Q) ~

which implies that
T2 S+ 07O agm-) [V ) 30 - 1007 ()] oo 07 000™ 1 (1) 2

1on n . . (3.51)
<gloron™ (B 72i0) + CO+ 0" @) 3gm 1) [V () 3
if m = 4. Therefore, substituting (3.50) and (3.51) into (3.49) gives
1d n e n+112 1 lo% n+1]2 1 lo' n+1 2
Jl = 5@ 0 [(b + B)aT ayv ] dﬂ?dy - g Hayﬁ‘r 5,511 HLQ(Q) - EHaT atv (t)HLQ(Q) (352)
= O+ 0™ () 3m-) V" (&) [
Ja can be estimated as I3 in (3.36). Thus, for |a| < m — 1 with m > 4, we obtain that

"+ B)o2 00, (0" + B)a,u"™t! + ¢, U™ ] Hm) < (L4 ") ) IV () e

Hence
[ Jal < (14 [0 (0) 1) IV FHE) 30m - |08 000™ | 120

1 (63 n T n
<gloraw O72) + C (L4 10O 3m-1) V") 3.
Substituting (3.52) and (3.53) into (3.48) leads to

(3.53)

— f o2 { (" + B)ay [(b" + B)oyv" ™ + ¢, Ub" ]} - 020" dady
Q
1d
2 -
2dt Jo
— C(1+ 0" () pm-2) [V () [Fpm-

[ + B)o2o,u ] dady - £ 0,020 o) — 1000 OBy PP
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And

1 3
Combining (3.46), (3.47), (3.54) and (3.55) together, we obtain

d n [e} n 2 n
o Q[(b + B)oF o, 0" ] dady + 05 00" (1) 72

(3.56)
1 16% n 2 167 n n
< 7 loyo7aw™ (1) 12y + ClaTra(®) 72 () + C(L+ V" () [3m-) V" () -

Summing it over « for |a| < m — 1 yields

d
SN [0 + BYa2a,um ) dady + 00" (1) B0

t
& |a|<m—1 (357)
1 n 2 n n

< 7loyw O] gmo + Clr2@)|gm-10 + C(L+ [V (O [30m-0) [V ) 3.

Step II. In this step, we will obtain the estimates of high oder normal derivatives of v"*!.
Precisely, we will show the following estimates for any t € [0, T},41) and m > 4:

|50 () lggm—r S 1+ (L4 V(O[3 ) V"8 30m, (3.58)
and
¢
20 ) s < 1 [ (1 197 (5) ) V™4 () s, (3.59)
0
In fact, we only need to prove (3.58). Because for any a € N3 with |a < m — 2,

t
27350 Oy <10°F Oty + | 1275507 ) s

t
<o O) ey + [ 18507 )1,
0
then (3.59) follows from (3.16) and (3.58) immediately.
By the second equation in (3.20), we write
(0" + B)?020" T =000t — (0" + B)ab" T + (v + Ug)ov™ T — (b + B)oyb" o™t (3.60)
— (0" + B)oy (¢yUb" ") — (¢yyUB + Byp)b" ! + ¢Upv™ ™ — 1y '
To show (3.58), we apply the operator 0*(|a| < m — 1) on (3.60) to obtain
(0" + B)?0%020" ! + [0%, (" + B)?] aiu™ !
=00+ 0 {—(b" + B)ayb" ! + (0" + U)o, 0"t — (0" + B)o,b o0 !
—(b" + B)0y (¢yUb" ) — (¢yyUB + Bo)b" ™ + ¢Uyv™ 1} — 0%,
Then,
n 202, n+1
|0 + B)?0 0™ 1o
<[[0% 0" + BP0 agqy + 10700 oy + 1072l 200
+ 0% {=(b" + B)oyb" ! + (0" + Ug)a,v" T — (" + B)o,b"o,u" !
—(0" + B)y (¢yUb") = (byyUB + Bo)b" ™! + U0 o ) -
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As |a| <m —1 and m > 4, similar to (3.33) and (3.34), one has

[[0%, " + B v ooy S | 1+ 20 1070 (O Fm—e | 105071 (1) 3gm-
B<ay|Bl=1
< L+ 10" O Fm—) [0 () 30,
and
0% {=(" + B)ob" ! + (v" + U¢)dpv™ ™! — (b + B)oyb" o0
—(0" + B)2y (¢yUb" ) = (dyyUB + Bo)b" ™ + U™} 1
< [L+ IV O g + 0+ 15Ol )100" Ol |
(Jov™ W) lggnr + 10,V O)lpgnr + IV )y )
< (L4 IV @O ) V" (@) 3em
Thus combining the above three estimates and using (3.19), we have
[0%o50™ )] 2 ) <10 r2(®)] L2y + (L + [V (@) Fm) [V (B) 3¢
It follows that
|50 )3 S Ir2@)llggm—1 + (14 [V O Fen) [V 30m- (3.61)

This implies (3.58) by using (3.14).
Moreover, combining (3.45) with (3.61) gives

d
IV O g0 + 100" O3 S (1 IV Ol V™ OB + 1 (8 B0 + [r2 () 3

dt
(3.62)
Step III. In this step we will establish the estimates of normal derivatives of ”+!. Applying the
operator 0% = 0;° 01052 to the first equation in (3.20) with |a| < m and ag > 1, then multiplying
the resulting equation by 0%b"*! and integrating it over  yield
1d
2dt Jo
— f 0% (0" + B)oyv™ ) - 00" dady + f 0% (Bov"t — ¢Ub" 1) - 0%0"  dady (3.63)
Q Q

(%" )2 dxdy + f 0% (" + Ug)agb™™ ) - 0b™ dady
Q

= J 0%y - 090" dady.
Q
For the second term on the left-hand side of the above equality, we have

f 0% (v + Ug)ogb™t ) - 0°b"+  dady

Q

= f (0" + U)o + [0%, (v + U¢)] 00" 1) - 00" ddy
Q

1
= —Qf 2. (V" + Ug) - (06" 1) dady + f [0%, (v + U¢)] 00" - 0™ M dady.
Q Q
And for |a| < m and m > 4, similar to (3.33), it holds that

6%, 0" + UM o™ ooy < D5 [P0 +UDND) | 0™ (0 |y
B<a,|fl=1 (3.64)

S+ 0" (@) om0 (2)



18 C.-J. LIU, D. WANG, F. XIE, AND T. YANG

due to (3.6). Then

[ o (v, a“b”“dwdy\ < (14 [ (0) o) 57 (8) By (3.65)
Q

For the third term on the left-hand side of (3.63), we have

J 0% ((b" + B)ov" 1) - 6“b"+1dmdy’
Q

J (B + B)a,0™u™ ! 1 [0, (5" + B)] 00"} - 096" dady
Q

< €000 (1) |2y + Cel (0" + B) ()00 070" (1)1 2y
#1107 0" + BY 220" 0] g 05 0] s

for some sufficiently small € > 0. Similarly to (3.34), one has
[[0%, (" + B)] 20" (1) 12y (1 + [ (@) e ) [0 () 3.

Consequently, for as = 1 in «, it follows, from the above two estimates, that

J 0% ((b" + B)oyu™ ) - 0%0"  dady
Q

(3.66)
< e o u" (O Fm + Ce (1+ 10" () Fm ) IV () [31m-
Moreover, by the similar arguments in (3.42), we have
[0 (Bov™™! = $U™ )| 2y = [V () gy -
It implies
f oo (vanJrl _ (mbanrl) . aaanrldxdy
Q (3.67)

n+1 n+1 n+1 n+1 2
< [0 (Bav™ = 9Uab"") (D) 2y 1070 D] 20y < [V (B3 -
Substituting (3.65)-(3.67) into (3.63), it follows that
d 6N/ 2 n ] n n
0" (O] L2y <el oo™ ) Fem + 107 (T2 () + Ce (L4 V" () 3em) [V () -
Summing the above estimates over « for |a] < m and ag > 1 yields
d n 2 n n n
o™ O)3m-s <Cel O™ B)l3m + ()3 + Ce (L4 [V () ]5m) V") 3. (368)
Combining (3.57), (3.62) and (3.68) together, and choosing € suitably small, it holds that

d
= | IV O g0 + L S0 + B)a2ayw ™) dady + | 0,6" )5 m |+ 100" () B

|a|<m—1

S @) Fm + lr2@1Fen + L+ VO[30 ) V(O 3
(3.69)

for m > 4.
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Integrating (3.69) with respect to t € [0,T,,4+1) yields that

VL) B + L S [0+ B, ()dady + 0,57 ()]s

|a|<m—1

t
n f 2,0" 1 (8)[Bmds
0

< VOB + L S + BY2a,o™ ] (O)dady + 8,7 (0) s

|a|l<m—1

(3.70)

t
+ CL [r1()3em + Ir2(s)Fgm + (1 + [V"(5)[30m) [V (5) [pm .
By (3.16) and (3.23), we have

!v"+1<o>}2m,o+f9 > [0+ B)azo,o P (0)dady + 0,6 (0)30 < Mo

|a|<m—1

Then, by applying the above estimate, the lower boundedness of b + B in (3.19) and (3.14) into
(3.70), there exists a constant C = C (T, M, My, dp) such that

t
Ol + 10007 s+ [0 Ol + [ 10,071 (9 s
t
<O+ 0 (1 IV ) v 6) B,
0

or

t
o @) o+ 107 (0 s+ 874 ) + | 1007+ (9 s

t (3.71)
<CHC [ (Vo) IV ().
0
Furthermore, from (3.59) and (3.71), we obtain
t t
n 2 n n n
[v™ @) 5m +L [0y () 3mds < C + CL (L+ V" () l3gm) V"1 (5) 3mds. (3.72)

3.5. Uniform estimates of v"”. Now, we are ready to establish the uniform in n boundedness of
[v?L(¢)[|ggm in a small time interval. Precisely, by applying the Gronwall inequality to (3.72), it
shows that there is a constant C' > 0 depending only on T, dg, M and My such that

t t
OBy + [ 10 s < Cosp{ [ s} @7

Thus, choosing suitably large M, there exists a sufficient small T > 0 which depends only on C'
and M, such that

V' e Bp(My) = V" pmia,) < M. (3.74)
More precisely, denote by
Cop = max{C, sup [v(t)|pm (3.75)
tG[O,T()]

with C' given in (3.73), we have the following proposition.
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Proposition 3.1. Let T* = min {TO,T} with T' given by

Py - | _% (3.76)

1-ecsr) 2

where M and Cy are given in (3.8) and (3.75) respectively. The approzimate solution sequence
{v"}L_, constructed in the subsection 3.1 satisfies that

Co

V'O < =y Y te[0,T7], (3.77)
- 0
and
1)
V'(tey) + Blte) > Y (La,y) e QO (3.78)

for any n = 0.

Proof. We will prove this proposition by induction of n. First of all, by using the definition of Cj
and 7™, it is easy to know that (3.77) and (3.78) hold for n = 0.

Assume that the estimates (3.77) and (3.78) are valid for some n > 0, then as what are shown in
the above three subsections 3.2-3.4, we obtain (3.73) for v"**!, in which the constant C'is replaced
by Cy. Therefore, by the induction hypothesis, it follows that,

L2 C
V" (#)][3m ) < Coexp{ Co ST T rach T (3.79)

for t € [0,T7%].
In addition, since

b0, 2,9) + B(0,z) = by(z,y) = &
due to (3.9), it follows that

t
bt x,y) + B(t,x) =b"1(0,z,y) + B(0,z) + j o™ (s, 2, y) + 0, B(s,x)ds
0
t
200 [ 10" 5, o + 1B ) o, s

t
>0 — fo 16" (8) 90z + 101 B (5, ) 1 m, ds

for any t € [0,7*], where the Sobolev embedding inequalities are used. Then, together with (3.8)
and (3.79), this implies

v/ Co
/1 —2C3t

By T* < T and the definition of T in (3.76), (3.78) holds for v**!. Consequently, the proof of this
proposition is completed. ]

b”+1(t,m,y)+B(t,x)>6o—t< —i—M), V(t,z,y) € Qps.

From the above proposition, we obtain for 7% and
Co

V1 —2C3T*

M, = (3.80)
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the mapping IT defined by (3.24) and (3.20) is a mapping from Ep« (M) to Eps(My) itself. In
particular, it implies that the approximate solutions {v"}°_, constructed by (3.17) and (3.20) are
uniform bounded in H™(Qpx) with 7% > 0 independent of n,

IV gm ey < My, Vo (3.81)

3.6. Contraction in L? norm. In this subsection, we will show the linear mapping II defined in
(3.24) is a contraction mapping in L? sense, at least in a small time interval.
Set

7n+1 (bn-i-l —n+1) (bn+1 _ bn’vn+1 _ Un) , n>1.
Then by (3.20)-(3.22), v (¢, z,y) satisfies
" + (0" + Up) 00" — (b + B)0, 0" + Bo" ! — gU,b" ! = RY,
O " T — (b + B)0yb" T + (v + Up) 00" — (0" + B)d, (0" + B)a,v" ™ + ¢, U™ 1)

—(¢yyUB + B)b" ! + ¢U, o™ = R,
(3.82)

with
RY = —g"3,b" + b"o,um,
b= 000" — 000" + 0" [0y (b + B)oyv™ + ¢, Ub™) + (b1 + B) dju™ ] + (0"~ 1 + B)d,v"0,b".

As in subsection 3.1, we can obtain the following estimate similar to (3.30),

G O+ 10 Ol -
SO+ V' O15p) 19" (B2 @) + CJ (RY-0"*' + Ry - 0" )dady,  te[0,T7]. o
Denote
Ry = (0" + B)o,u"0,b" + RY.
Then by the boundary condition v"+1| =0, we get

J Ry - 9" dady = J b {(b" + B)oyv" o, 0" + 0y (0" + B)oyv"} 0"t dady

f Rn . n+1d$dy
Q
<L
2C
+ j (RS — "0, ((b"_1 + B)%v”)) " dzdy.
Q
Furthermore, based on the definition of R} and R} and the Sobolev embedding inequality, we have

IR ()] r20) < IV O)llwreo @) V" (D)l L2(@) < IV O sV ()] 22(0)

_n C n— n n
100" D2 () + 5 1" + BYoyw™ (O] o0 10" (8) 72

and

(g =80y (0" + B)aw")) (1 .

< (L0 Olwre(e) + 10" Olwrso @) IV () lwzee @ 9" (1) 220
<

(14 v IIHs + IV )15) 19" ) 220
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Consequently,
CJ RY - 0"+ RY - 0" dady
Q

1 —n —-n n— n -n
< SI0T (B2 + CUTL O By + Cr (L+ IV (Ol + V" () e) 1902 0.

Substituting the above estimate into (3.83) and using the uniform estimate (3.81) for |v"™(¢)|ym
with m > 4, it is found that there exists a constant Cy > 0, depending only on T, dg, M, My and
M, such that

d
2|
By applying the Gronwall inequality on the above estimate, it follows that

D20 + 100 02y < CoI9" O By + 19 D). e 0,77,

t
_ 2 _ _
sup. [9771(5) g < Coc™ [ V" (5)aqayds < Cate™ - sup [v°(5)(0
0<s<t 0 0<s<t

for any ¢ € [0, T*]. Let

. 1
T* = min {T*, W}, (384)
we obtain
1
sup [¥7+1(s)[? < = sup [v*(s)|? , Vtel0,Ty], 3.85
sp [9 @) ey < 5 sup 19 (8) ey ¥ HE [0.12] (3.55)

which indeed shows that the mapping (3.24) is contractive in L.

3.7. Proof of Theorem 3.1. Based on the uniform estimates in (3.81) and contraction property of
(3.85), it follows that the approximate solution sequence {v"}%_g is a Cauchy sequences in H*(Qr,,)
with & < m. Then {v"}*_, converges in H*(Q7,) strongly. That is, there exists v = (b,v) such
that

. . k
nLHfoovn =v, in H'(Qrn),

with
IVl @, ) < M. (3.86)
Let n — +o00 in (3.20) and set
by = b+ B(t,x), u=v+U(t,x)p(y).
Then (b1, u) solves (3.4) uniquely and this completes the proof of the Theorem 3.1.

3.8. Proof of Theorem 1.1. With the solution (b1, u) to (3.4) in hand, we define a function
¥ = 1(t,z,y) in the following form.
Ytay) g
y = f U (3.87)

0 bl(tﬂfﬂ?).

It is straightforward to know that (¢, x,y) is well-defined in Qp,, because b; > %0 given in (3.10).
Set

(ﬂ, bl)(tvmay) = (ua b1)<t’x7¢(ta$ay))> (388)

and

bt,ary) = — T W) G h(tasy) =~ ). (3.89)

by
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Then, (4,7, by, 32)(t,a:,y) is the desired solution of Theorem 1.1 and the proof of Theorem 1.1 is
thus completed.

4. LINEAR ILL-POSEDNESS

In this section, we will prove Theorem 1.2 to show the linear instability of MHD boundary layer
when the tangential magnetic field is degenerate at one point. Let us recall the important work [5]
about the linear ill-posedness of Prandtl equation without the monotonicity condition, where the
key ingredient is to construct a strong unstable approximate solution to the linearized Prandtl
equation. For later use, we present first the construction of approximate solution to the velocity
field given in [5]. Without loss of generality, we assume that U/ (a) < 0, so that the differential
equation

Or0yus (t, a(t)) + 02us(t, alt))d (t) = 0, (41
a(0) = a,

defines a non-degenerate critical point curve y = a(t) of u(t,-) satisfying dyus(t,a(t)) = 0 and

O7us(t,a(t)) < 0 for all t € [0,t9) with ¢y being small enough. As proved in [5], there exists a pair

(7, W(2)) such that the complex number 7 satisfies 37 < 0 and the smooth function W (z) satisfies

(7 — 222 LW + i ((r — 22)W) = 0, \
lim W(z) = 0, lim W(z) = 1. (4.2)
Zz—>—00 Z—>+00
Set
V(z) = (71— Z2)W(Z) —1g, (T — 22). (4.3)
The approximate solution of the linearized Prandtl equation is defined as
i —1
(e, ve)(t, m,y) = €' x(Uea Ve)(t,y) (4.4)
with - o
Udtyy) = e o@ba, W (t,y), Vilt,y) = e e @b (i, y), (4.5)
where )
Oy s t a(t)) i
w(e,t) = —us(t, alt) +\f’()) T, (4.6)
and

We(t,y) = H(y — a(t))[us(t,y) —us(t,a(t)) + \/’a“‘”m)) éT]

+eo(y — a(t))‘é’?gus(t,a(t)) 2 V(‘ ayus (t,a(t))

2 2
=0;(t,y) + v (t,y).

Here H(-) is the Heaviside function and ¢(-) is a smooth truncation function near 0. To make
the function (ue,ve)(t,z,y) in (4.4) to be 2r—periodic in z, we take ¢ = 1 with n € N. It is
straightforward to check that,

i Y- a(t)) (4.7)

(ueyve)|y:0 =0, yEI—il:loo ue =0,

and the divergence-free condition also holds for (uc,ve). And uc(t,z,y) = €€ *U.(t,y) is analytic

in the tangential variable  and W% in y. Moreover, (U, V;) has the growing mode like e_ST'f,
i.e., there are positive constants Cy and o, independent of ¢, such that

opt opt
Cyle Ve < Ut )|y < Coeve, te[0,to), (4.8)
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which is the key of instability mechanism.
Now we construct the approximate solution of problem (1.6) by choosing (ue, ve, bi.c, b2.¢)(t, , y)
in (1.6) to be the following form,

(Ue, Ve, bl,ev b2,6)(ta Z, y) = eie_lx (UCa Van Bl,ev B2,€) (t) y) (49)
On one hand, (U, Ve)(t,y) is taken to be the same form as given by (4.5)-(4.7) to preserve the
instability mechanism; on the other hand, (B, Ba,)(t, x,y) are taken as the following,
Bi(ty) =ie™ W00 (Ly),  Bolty) = e el (1, y) (4.10)
with
bWeltiy) oy 0t y) + vt y)
wie,t) +us(t,y) w(e,t) +us(t,y)

where w(e,t) and W(t,y) are given in (4.6) and (4.7) respectively. It is straightforward to show
that

D, (ta y) =

(4.11)

(uevvea b2,€)|y:0 = 07 yli)I—QI—loo(ug’ bl,e) = Oa

and the divergence-free conditions are satisfied. Also, (ue,b1,¢)(t, z,y) = eie_lz(Ue,BLE)(t, y) is
analytic in the tangential variable z and is in W% in y. Furthermore, (UE, Ve, Bi e, Bg,e) (t,y) still
preserves the growing mode in t, i.e., there are positive constants Cy and og, independent of €, such
that

ot opt
Cgled" < |(UeBro®t)|yae < Coe ¥, te[0,to). (4.12)
Substituting the approximate solution (4.9) into the problem (1.6), it follows that
Ot + UsOple + Uﬁa us - a2ue - bsaxbl,e — bZ,eb; = Tela
011 ¢ + us0ub1 e + veby — bsOpue — by Oyus = 12,

(4.13)
Ozle + Oyve = 0,  0Ozb1 e + Oyba = 0,
(uea Ve, b2,e)|y:0 =0.
The remainder term (r!,72) can be represented by
(rtrd)(t,z,y) = € 7 (R RY) (4, y),
where
1 _ e 1§ w(e,s)ds ~1 2 (y —a(t)? sl
R€ (ta y) =e 0 { — € [us(ta y) - Us(t, a(t)) - ayus(t’ a(t))f]ayve (tv y)
e ouslt,y) = Bug(t.a) - (y— a®) vt )
(4.14)

671 2 8yvfl(t,y) _ ayus(tvy) USZ
Te by [w(e,t) + us(t,y) (wle,t) + us(t,y))2 ‘ (t,y)]

+ 00 0yvl(t,y) + O(€® 600‘;)}
and
Rz(t y) 1SOw €,s dsaZ (t,y)
130 €,s)ds ayvgl(t7y) B ayus(t7y) USl
% { (v) [w(e ) +us(ty)  (w(e,t) +uslty))? ¢ ) (4.15)

e (t, y) + v, y)}
w(e t) +us(t,y)

+b(y) -
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Here, the term O(e™) in (4.14) denotes the part of remainder with exponential decay in y from the
fact that V(z) decays exponentially and the derivatives of ¢(- —a(t)) vanish outside a neighborhood
of a(t).

y —a(t)

Let z = i Note that in the vicinity of {y = a(t)},

82u5 t,a(t))

e, t) + us(ty) = us(t.y) = us(ta(®)) + Ve = 0+ ),

and
bs(y) = O(1)(y — a)® = O(D)[y — a(t) + a(t) — a]® = O(1)(t + €"/2)?,
Wy(y) = O(1)(y —a) = O(1)[y — a(t) + a(t) —a] = O(1)(t + €'/*2).

Therefore, based on the exponential decay properties of v*!(¢,%) and the formulations (4.14) and
(4.15) of RL(t,y) and R%(t,y), we have

|(RE R2)(t

with the same constant og > 0 given in (4.12).

oot
e < Creve (e VA4 Y, va =0 (4.16)

Proof of Theorem 1.2. With the approximate solutions constructed above, we can apply the
approach in [5] to prove Theorem 1.2. The proof relies on the verification of (1.8) for the tangential
differential operator through contradiction.
Suppose that (1.8) does not hold, that is, for all ¢ > 0, there exists 6 > 0, o, = 0 and p € [0, 1)
such that
sup ||e_”(t_s)m7'(t, x)

0<s<t<d

Hc(ngHg““) < 0. (4.17)

Introduce the operator
Te(t,s) : WSP(RT) > W™ (RY)

where
.1 P
Ti(t, s)(Uo, Bo) = e~ T (t,5) (e“ x(UO,BO)> (4.18)
with 7(¢,s) being defined in (1.7). From (4.17), we have
o(t—s)
I Te(t, $) £ o0 woey < Coe e Vo, VOSs<t<$ (4.19)

for some constant C > 0 independent of e.
Next, we introduce the operator

L(u(t,z,y),b1(t,z,y)) = <u88xu + vOyus — (?Su — bsOzh — ball,
us0zb1 + b, — bsOpu — bgayus>
with
v(t,z,y) = f&utmy)dy, o(t,x,y) = J@bltasy

Denote

— _—
P —1€ X 1€ X
L. = ¢ Le ,

and let (U, By)(t,y) be a solution to the problem
0u(U, B1) + Le(U, B1) = 0, (U, B1)lt=0 = (Ue, B1,)(0,y),
where U, and B ((t,y) are given in (4.5) and (4.10) respectively. Then, we have
U, B1)(t,y) = Te(t,0)(Ue, B1,c)(0,9),
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and by using (4.12) and (4.19), it follows that

[(U, B1)(t, ) o < Coe e Ve [(Ue, BLo)(0, Yypoce < Cse Meve, Vte (0,0] (4.20)

for some constant C3 > 0 independent of e.
On the other hand, the difference (U, B;) := (U —Ue, B1 — B ) can be obtained by the Duhamel
principle:

(U, By)( J Te(t, s)(RY, R?)(s,-)ds, Y t<0. (4.21)

Combining (4.16), (4.19) and (4.21), and choosing o < o, we have

- o~ 3 o(t—s) oqgs
[T, By) (¢ ) |your < CrCac " J TV (1 4 AN g
“ 0

- 4
< i #ef +e u+4e}t(1+t2) (4.22)

€

apt t4
<C464 ue\f(l-i-z),

where the constant Cy > 0 is independent of e. Then, by using (4.22) and (4.12), we obtain that
for sufficiently small e,

[(U, B1)(t, ) o = [(Ue, BLo)(t, ) lyoee — [(U, Bi)(t, )| y00

opt t4
>Cy! eV — Cyetre (1+—) (4.23)
€
oot

2056ﬁ7

provided that t « €'/4. As o0 < oy, comparing (4.20) with (4.23), the contradiction arises when

|Ine|y/e « t « €'/* with sufficiently small e. Thus, the proof of Theorem 1.2 is completed. [

aoa

Remark 4.1. Through the detailed calculation of the error terms (rl,r2?) given by (4.13), we know
that the diffusion term 02u. generates the term O(e~'/*) in R(t,y). Thus, if we consider the MHD
boundary layer problem with magnetic diffusion and the corresponding background magnetic field
depends on the time variable, by applying a similar approach as above we can obtain the same
result as Theorem 1.2.

APPENDIX A. DERIVATION OF BOUNDARY LAYER SYSTEM

In this section, we will give a formal derivation of the boundary layer equations (1.1). When the
magnetic Reynolds number is much larger than the hydrodynamic Reynolds number, the magnetic
diffusion term can be ignored in the derivation. That is, we consider the following two dimensional
incompressible MHD equations with a small viscosity coefficient in a domain with a flat boundary:

opu® + (u® - V)u® + Vp® — (b® - V)b® = cAu®,
Otb® + (u® - V)b® = (b® - V)u®, (A.1)
divu® =0, divb® =

where t > 0, x = (z,y) € T x Ry, u® = (uj, u§) the velocity, b® = (b5, b5) the magnetic field, p° the
total pressure:
be|?
£ — £ + | ,
P =Dy 9
where pjc is the fluid pressure. The small parameter € > 0 denotes the viscosity coefficient.
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The initial data for (A.1) is given by

u®(0,z,y) =w(z,y),  b(0,2,y) = bo(z,y). (A.2)
The no-slip boundary condition is imposed on velocity:
u®|y—o = 0. (A.3)

Since the no-slip boundary condition (A.3) is given for the velocity, there is no need to impose any
boundary condition on magnetic field b*, at least for the classical solutions. Indeed, the restriction
of equations (A.1) on the boundary and using the boundary condition (A.3) imply

bg(tvxvyﬂyzo = bi(O,x,y)|y:o = bD?(x70)' (A4)

When the hydrodynamic Reynolds number tends to infinity, which corresponds to the viscocity
coefficient ¢ tending to zero, the related limited system of (A.1) is the ideal incompressible MHD
System:

ou® + (0 - V)u? + vp® = (b V)b?,
ob? + (u? - V)bY = (b? . V)u’, (A.5)
divu’ =0, divb® = 0.

To avoid the initial layer in the study of the vanishing viscosity limit process for (A.1), the initial
data for (A.5) is taken to be the same as the initial data of viscous flow (A.2), i.e.,

uO(O,x,y) = ug(z,y), bO(O,az,y) = bo(z,y). (A.6)

For the well-posedness of the ideal incompressible MHD equations (A.5), we may impose the fol-
lowing boundary condition for the normal components of velocity and magnetic field:

U(2]|y=0 =0, b(2]|y=0 =0. (A7)
Hence, it is necessary that the initial data bp(x,y) satisfies the compatibility condition
boz(z,0) = 0,
which, together with (A.4), imply
b5(t,x,0) = 0. (A.8)

Consequently, we impose the boundary conditions (A.3) and (A.8) for (A.1).

Remark A.1. We can use the process in Section 2 to reformulate the viscous MHD equations (A.1).
Precisely, consider the stream function ¢ of the magnetic field b®:

Oyp° = b, —0gtp” = b, Y ly—0 = 0.

Then, by using ¢° we can rewrite the equations (A.1) as

o + (uf - V) = 0,
ot + (uf - VU + Vi + APV = eAu,

which is exactly the two-dimensional incompressible Navier-Stokes-Korteweg equations. Therefore
in the two-dimensional case the effect of magnetic field on the fluid can be regarded in some sense
as some kind of capillarity; see also [18,35].

To study the vanishing viscosity limit for (A.1)-(A.3) and (A.8), the asymptotic boundary layer
expansion is an effective tool, which was proposed by L. Prandtl in his pioneering work [34].
Moreover, the well-posedness theory and the properties of solutions to the leading order nonlinear
boundary layer equations play a key role in studying the vanishing viscosity limit. To derive the
related MHD boundary layer equations, we follow the boundary layer expansion in [34] to write

ui(t, 2, y) = ui(t,z,y) + ui(t,z,9) + of1), (A.9)
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us(ta,y) = un(t,z,y) + Ve (u(t, ,y) + uh(t,z,9)) + o(v/e), (A.10)

b (t,x,y) = B (t,z,y) + bh(t, z,9) + o(1), (A.11)

b (t, @, y) = b3(t w,y) + Ve (ba(t, z,y) + B3 (¢, 2, §)) + o(vVe), (A.12)

pE(t,z,y) = pO(t, z, ) + p°(t, =, §) + o(1), (A.13)
where the fast variable §j = e~ 1/2y.

Substituting the ansatz (A.9)-(A.13) into (A.1) and comparing terms in each equation accord-
ing to the order of &, (uf,u3,b?,69,p°)(t,z,y) satisfies (A.5); (ul,bl)(t,z,y) represents the next
order of inner flow that can be obtained by solving a system of linear ideal MHD equations; and
(uh, \/2ub, b, \/2b5, p¥) represents the boundary layer that decays to zero as §j tends to +c0. Set

u(t, =, ) = uf(t, z,0) +ui(t,z,7),
o(t,z,§) = ub(t, 2,0) + ub(t,2,5) + §o,ud(t, z,0),
bi(t,z, ) = b9(t,z,0) + b3 (¢, ,9),
bo(t, z,7) = bi(t,=,0) + bg(t z,9) + §o,b3(t, z,0),
p(t,z,g) = pO(t,x,0) + p°(t, 2, 7),

which correspond to the leading order terms in the expansion (A.9)-(A.13) with respect to €. Here
(U, v, bla b27p) (tv €Ly g) satisfies

Opu + u0zu + v0gu + Ozp = (9§u + 010,01 + b20301,

dgp = 0,

Otb1 + u0,b1 + U@gbl = b10zu + bgagu, (A.14)
Orbo + ud by + ’U@gbz = b10,0 + bgag’l),

Oz + agv =0, Ozb1+ agbg = 0.

According to (A.2), (A.6), (A.9) and (A.11), the initial data of (A.14) are given by
U(O,.I',:lj) =0, b1(07$7:&) :b(l)(oaxvo) :bOI(x7O)7 (A15)

where (A.6) and the compatibility condition ug;(x,0) = 0 are used.
The boundary conditions and the far-field conditions are written as follows,

ulg=0 = vlg=0 = b2lg=0 = 0, (A.16)
and
lim w(t,z,§) = u{(t,z,0) := U(t,z), lim bi(t,z,§) = b)(t,x,0) := B(t,z). (A.17)
g g—o

Remark A.2. The boundary layer problem (A.14)-(A.17) also can be derived by using the scaling
method proposed in [33]. Indeed, one can choose the following scale transform:

t=1t, x=u, g]=5_%y,

and

p(t,z,9) = p°(t,z,y),

bl(taxvg) = b‘i(t,aj,y),
1
ba(t, @, y) = e72b5(t, z,y).
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To simplify the system (A.14), note that the second equation in (A.14) shows that there is no
strong boundary layer for pressure, that is, pb(t, x,y) = 0. As a consequence,

p(ta €Ly Zj) = po(t7 €, O) = p(t, 1’)
In addition, the fourth equation in (A.14) is a direct consequence of the third and fifth equations in
(A.14) and the boundary conditions (A.16), at least it holds true for smooth solutions. Therefore,
the system (A.14) is reduced to
( Ottt + u0zu + vogu — 6§u — b10zb1 — b20gbr = —0yp,
Opb1 + udy by + ’U&gbl — b10zu — bgagu =0,

4 Oz + agﬂ) =0, O0zb1+ ang =0, (A.18)
(uv v, b2)|3]:0 =0, QETOO(U’ bl)(tv €T, g) = (Uv B)(ta :E)’

[ (w,01)]t=0 = (0, bo)(z, 7).
Moreover, the known functions U, B and p satisfy Bernoulli’s laws

{ oU + U0, U + 0,p = B0, B,

otB +Ud,B = Bo,U. (A.19)

APPENDIX B. PrROOF OF LEMMA 3.1
Finally, we give the proof of Lemma 3.1.

Proof of Lemma 3.1. We only prove the inequality (3.6) since the proof of (3.7) is similar. The
proof is divided into two cases.

Case 1: a = 0 or 8 = 0. Without loss of generality, we assume o = 0. By the Sobolev embedding
and |3] < m,

(- 2%0) (8, ) L2 () <[t )o@ 10%0(E, )20
Slu@®) ezl v (@) |#m,
which implies (3.6) for m > 2.

Case 2: |a] = 1 and |B] = 1. From |a| + |B] < m, there exist o] < m — 1 and |5| < m —1, so
that the Sobolev embedding gives

[(0%u-0%0) (&, )] oy <[0%ult, )] paqy - 1070(E )] Laq)
<J0u(t, )| 1 gy 1070 (®) 1)

$Hu(t) HH\aHl [v(t) [ 2161+1,

which implies (3.6). Hence, we complete the proof of Lemma 3.1.
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